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The photon-assisted tunneling �PAT� through a single wall carbon nanotube quantum well �QW� is suggested
for probing the Tomonaga-Luttinger liquid �TLL� state. The elementary TLL excitations inside the quantum
well are density ���� and spin ���� bosons. The bosons populate the quantized energy levels �n

�+=�n /g and
�n

�−����=�n where �=hvF /L is the interlevel spacing, n is an integer number, L is the tube length, and g is the
TLL parameter. Since the external electromagnetic field acts on the �+ bosons only whereas the neutral �− and
�� bosons remain unaffected, the PAT spectroscopy is able of identifying the �+ levels in the QW setup. The
spin �n

�+ boson levels in the same QW are recognized from Zeeman splitting when applying a dc magnetic field
H�0. Basic TLL parameters are readily extracted from the differential conductivity curves.
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I. INTRODUCTION

One-dimensional quantum wells �QW� give many prom-
ises for scientific research and various practical
applications.1–6 One spectacular example is the junction
formed by a single wall carbon nanotube T with emitter E
and collector C electrodes attached to its ends �see the sketch
in Fig. 1�. Depending on the tube properties, that setup �see
Fig. 1� corresponds to various condensed-matter systems.
Remarkable properties1–10 of the carbon tubes emerge from
their intrinsic structure.1 The single wall carbon �n ,m� tube
is a rolled up atomic honeycomb monolayer formed by two
sublattices A and B. The integer indices n and m �n�m
�0� of the rollup vector R=nR1+mR2 actually determine
the electronic band structure of the tube. In particular, if n
−m=3k �k being an integer� the tube is metallic while it is
semiconducting or insulating otherwise.11 The charge carri-
ers in metallic tubes conform to the linear dispersion law
�k= �vF�k� �where “�” corresponds to electrons �holes�,
and vF is the Fermi velocity�. A lot of discussions address the
intrinsic state of metallic tubes where the Tomonaga-
Luttinger liquid state �TLL� may presumably occur.12–16 In
contrast to semiconducting tubes, where a general consensus
is achieved,1 unconventional features of the metallic tubes
are not well understood yet. A lot of attention12–16 is paid to
the strong correlation effects, and to the one-dimensional
transport of the electric charge carriers. Along with the TLL
state in metallic tubes12–16 under the current elaboration there
are models operating with noninteracting electrons while
other models exploit coupling of the tube to the external
environment.17 Although there are indications of the TLL
state in the shot noise16 and in angle-integrated photoemis-
sion measurements,15 present experimental evidences are
still indirect.17,18 Therefore more efforts to clearly identify
the intrinsic state of the one-dimensional quantum wells
formed of metallic carbon tubes are required. Typical quan-
tum well setup6 is sketched in Fig. 1 where the one-
dimensional �1D� section is denoted as T. The bias voltage
Ve,c drops between the emitter �E� and collector �C� elec-
trodes, while the gate voltage VG is applied to the n+ +Si
substrate as shown in Fig. 1. The electrochemical potentials
in E, T, and C are denoted as �e,T,c. The E and C electrodes

are separated from the metallic tube section T by the inter-
face barriers I shown in black in Figs. 1�a� and 1�b�. The
potential barriers emerge from differences between the Fermi
velocities in the adjacent electrodes.

In this paper we suggest a method which identifies the
quantized levels of charge and spin excitations in the
Tomonaga-Luttinger liquid state inside the 1D quantum well
shown in Figs. 1�a�–1�c�. Our method exploits the fact that
the electromagnetic field �EF� interacts with the charge exci-
tations only, while the neutral particles remain unaffected.
When a tunneling electron with an energy � absorbs n pho-
tons of the external electromagnetic field, the intrinsic struc-
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FIG. 1. �a� A quantum well composed of the 1D section T with
attached emitter �E� and collector �C� electrodes. The potential bar-
riers are shown in black at the E /T and T /C interfaces. �b� Energy
diagram of the PAT process in the QW. �c� The split gate configu-
ration of the QW. The right side inset shows how the electric field is
applied to the T section.
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ture of the TLL state in T is pronounced in the multiphoton
tunneling process probability. The photon-assisted tunneling
�PAT� influences probability of the single-electron tunneling
�SET� which helps to elucidate the intrinsic state of the tube.
In this paper we address quantum wells with long and short
T sections. When the tube is long, the interlevel spacing �
=hvF /L �vF is the Fermi velocity and L is the tube length� is
small. Therefore quantization of the electron motion inside T
is negligible. In that case the local single-electron density of
states N��� inside T has a dip at zero energy �=0. We will
see that such a dip is clearly visible in the photon-assisted
and in the single-electron tunneling characteristics which
helps to identify the TLL state. In the opposite limit when the
tube is short, the ballistic motion of the charged and neutral
excitations inside T is quantized. During the tunneling, an
electron splits into four �� ,�� bosons �two density and two
spin�. The bosons populate quantized levels with different
energies ��+���−����. The charge boson energy levels are
detected with the photon-assisted tunneling.4 We will see that
the tunneling mechanism is sensitive to the emitter-collector
Ve,c and the gate VG voltages. Therefore the TLL properties
are pronounced in the differential conductivity curves of the
one-dimensional quantum wells. In the same setup, the spin
boson levels are fingered from Zeeman splitting ��BH when
applying a finite dc magnetic field H�0. The quantization of
both the charge and spin excitations is proclaimed in the
differential conductivity curves of the quantum well.

II. PHOTON-ASSISTED TUNNELING INTO THE TLL
STATE

Here we address low-transparent double barrier single-
wall carbon nanotube �SWCNT� junctions, assuming that the
tunneling events across the E /T and T /C barriers are not
phase-correlated with each other. When the external ac
electric-field vector directed along the tube axis, it induces
an ac bias voltage V�1� cos 	t with the field frequency 	
across the whole double-barrier junction. The ac bias voltage
effectively drops on the interface barriers I, which partial
resistance is assumed to be much higher than the resistance
of T. Since typical length of the carbon tube junction5,6 is
L�200 nm–0.5 �m, the ac field wavelength of interest is
1 mm�
EF�0.5 �m. This corresponds to the terahertz do-
main diapason. We describe the tunneling between the TLL
state in T and the free-electron states in E �C� electrode using
the microscopic methods.19–21 For the sake of simplicity we
do not consider here the ratchet effect,22,23 which comes ei-
ther from an asymmetric scattering potential22 or from a non-
linearity of the electronic dispersion.23 Using methods of
Refs. 19–21 one finds �see derivation details in the Appen-
dix� the time-averaged electric current through the quantum
dot in the form

I = �n
2e

h
� d��

nm

�n Im K���	Jm
2 �
e��f+

e + G��f−
e − f+

e��

− Jm
2 �
c��f+

c + �f−
c − f+

c�G��
 , �1�

where K is the full electron correlator, f�
e�c� are the electron

distribution functions in the E �C� electrodes for which we
used short notations f��e�c�

m��→ f�
e�c�,

�e�c�
m+ = � + E + �m	 + �Un

e,c,

�e�c�
m− = � + E + �m	 + �Un−1

e,c . �2�

In Eqs. �1� and �2� E is the energy of the occupied level in
the well relative to the conductance band edge in the emitter
at the zeroth dc bias voltage Ve,c=0. In Eq. �1� �c�e�

=h�4�e2�e�c�Re�c��−1, �e�c� is the electron density of states
inside the E�C�, Re�c� is the tunnel resistance between the E
�C� electrodes and the T section, �n=�e�c / ��e+�c�, �n is the
probability to find n electrons inside the well determined by
a master equation �see the Appendix�, and the integration is
performed over the electron energy � in the well. The Bessel
function Jm�
e,c� of order m �m is the number of emitted
�absorbed� photons� in Eq. �1� depends on the ac bias param-
eter 
e,c=eVe,c

�1� /�	 where eVe,c
�1� is the ac bias amplitude on

the E�C� barriers, and � is the electron energy in T. The
corresponding changes in emitter and collector electrostatic
energy �Un

e,c depend on the number n of electrons in the well
as

�Un
e = ��n +

1

2
� − �eVe,c,

�Un
c = ��n +

1

2
� + �1 − ��eVe,c. �3�

where �=e2 /C, C=Ce+Cc is the net capacitance, Ce�c� is the
emitter �collector� capacitance, � is the fraction of the net dc
bias voltage Ve,c, so that �Ve,c drops between the emitter and
CNT. The electron distribution function G� inside the tube
entering Eq. �1� must in general be obtained from a corre-
sponding quantum kinetic equation.20 However for the sake
of simplicity we will follow a procedure suggested in Ref.
24. Namely, we approximate G� by a Fermi-Dirac distribu-
tion, but with a finite chemical potential �T�0 in the form

G� → G0��� =
1

exp��� − �T�/T� + 1
. �4�

A similar quasiequilibrium approximation had formerly also
been used for describing of nonequilibrium
superconductors.25 The chemical potential �T of electrons in
T entering Eq. �4� is defined by the expression for the mean
number of electrons


n� =
2

h

1

�e + �c� d��
nm

�n Im K���	�eJm
2 �
e�

��1 − 2f−
e + 2�f−

e − f+
e�G��

+ �cJm
2 �
c��1 − 2f−

c + 2�f−
c − f+

c�G��
 + 
nG� , �5�

where 
nG� is the number of extra electrons induced by the
gate voltage VG�0 applied as shown in Fig. 1. When the ac
bias is off �
e,c→0�, Eq. �1� yields a well-known formula for
the electric conductivity of a double-barrier low transparent
tunneling junction.24 In equilibrium and in absence of SET
one sets �T�0 and the distribution function G0��� in Eq. �1�
disappears. In the last case one also uses f�

e�c����= f0���
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=1 / �exp�� /T�+1�, where T is the temperature. Then one
simply gets

� = �2e2/h��nM̄�eVe,c� , �6�

where M̄�eVe,c�=�−�
� d�N����−�f0��−eVe,c� / ����� and N���

is the single-electron density of states. The comb-shaped
free-electron density of states in the well is

N��� =
1

�
Im �

m

1

� − �m − i�n
, �7�

where � is the level spacing, �n is the quantized level width
�in the case of interest �n���, and h is the Plank constant.

III. TLL TUNNELING DENSITY OF STATES OF A LONG
QW

If the metallic tube section T is long, L�vF�T �where
�T=� /�n is the net tunneling time�, the quantization inside T
is negligible. The level separation for typical carbon tube
junctions5,6 becomes indistinguishable when L�3 �m.
Strong electron correlations drive the electron system into
the Tomonaga-Luttinger liquid state.12,14,16 According to Eq.
�1�, the electric current is expressed via the single-electron
correlator K, which is related to the spectral density A���� of
the right-moving ��=1� fermions as

A1��� = Im G1
R�q = 0,� + i�� = − Im K�� + i��/� . �8�

At zero temperature T=0 following Ref. 19 one finds

K��� = − �2/�i���2� sin�����2�− 1�����− 2� − 1����

+ ei�� sign���	��− 2�� + g2�r2/vF
2���2� + 1�

���− 2�� + 1���2
� , �9�

where ��x� is the gamma function of x, r is the cutoff pa-
rameter, �= �g−1+g−2� /8, and g is the Luttinger liquid pa-
rameter. In the limit g→1, the expression for A���� trans-
forms to the free-electron spectral density A�

�0����
=sign � / ��2�vF�. Properties of the TLL state are sensitive to
the Luttinger parameter g. The single-electron density of
states N�E� of a one-dimensional quantum well with a long
T section is shown for different values of g in Figs. 2�a� and
2�b�. The Luttinger parameter g can be controlled either by
the gate voltage VG or by the split gate voltage VSG as shown
in Fig. 1�c� �see also the right side inset there�.

Since the gate voltage VG affects the charge density q on
T, q=CVG �where the capacitance C=2��0L /cosh−1�2hT /d�,
�0 is the vacuum permittivity, d is the tube diameter, and hT
is the distance from the tube to substrate� it allows changing
of g. An altering of VG renormalizes g→g+�GVG due to
changes in the dielectric function ��k ,�� and in the Coulomb
screening. According to Refs. 12 and 26, the Luttinger pa-
rameter g for a carbon tube depends on the electrostatic en-
ergy Un as

g �
1

�1 + 2Un/�
, �10�

where �=hvF /L is the energy-level spacing while the
change of Un is determined by Eq. �3�. A simple evaluation

from the band-structure calculations7 gives �G=0.005–0.03
depending on directions of the rollup vector R. The N�E�
shape is also controlled with VSG utilizing the split gate
configuration7 as shown in Fig. 1�c�. The electric field in that
setup is perpendicular to the tube axis as shown in the right
inset of Fig. 1�c�. The split-gate setup allows driving the tube
electron state from the semiconducting to the metallic one.
The transversal electric field induces a finite dipole momen-
tum directed in perpendicular to the tube, which renormal-
izes g as well. The corresponding alteration of the Luttinger
parameter g is evaluated using, e.g., results of Refs. 27–29.
This gives g→gJ0

−1�VSGd /�vF�. For a narrow-gap semicon-
ducting T �see Ref. 7� and for typical parameters of the tube
quantum well, the split gate induced change is g→g
+�SGVSG where �SG=0.01–0.05 for different rollup vectors.
If the transversal electric field VSG /d inside T is sufficiently
strong, one induces a semiconducting-metal transition.27–29

The electronic properties of the tube then switch from a one-
dimensional narrow gap semiconductor to the TLL.30

The time-averaged conductance ��Ve,c� of the long CNT
junction exposed to an external electromagnetic field is com-
puted using Eqs. �1�–�3�, �5�, �8�, and �9�. We calculate
��Ve,c� and the electric current I�Vdc� �Vdc= �Ve,c−Vt�� is the
reduced voltage, Vt= �E−�F� /e� is the SET threshold volt-
age� for the two cases of interest. One limit corresponds to
��T when the single-electron tunneling is not essential ��
=e2 /C, C=Ce+Cc is the net capacitance of the double-
barrier junction, Ce�c� is the emitter �collector� capacitance�.
Then Eq. �1� for the tunneling current through the quantum
well is reduced to

I�Ve,c� =
2e

h
�n�

m
� d� Im K��,	��Jm

2 �
e�f��m
e �

− Jm
2 �
c�f��m

c �� , �11�

where now

�m
e = �e,c − �eVe,c + �m	 ,
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FIG. 2. �a� The single-electron density of states inside the T
section of an QW for the Luttinger parameter g=1 �curve A�, 0.4
�curve B�, and g=0.2 �curve C�. �b� Contour E-g plot of the single-
electron density of states �DOS� inside the T section.
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�m
c = �e,c + �1 − ��eVe,c + �m	 . �12�

The above equations �Eqs. �11� and �12�� are completed by
Eq. �8� to compute the dc differential tunneling conductance
��Ve,c�. The results are shown in Fig. 3�a� where we plot
��Ve,c� of a long CNT junction in conditions of the photon-
assisted tunneling for 	=0.75, eV�1�=0.65, and for three dis-
tinct values of the Luttinger liquid parameters g=0.2 �curve
A�, g=0.4 �curve B�, and g=0.93 �curve C�. One may notice
that the zero-bias dip in ��Ve,c�, which was positioned at
Ve,c=0 when the ac field was off �eV�1�=0�, splits into addi-
tional satellite peaks spaced by �	.

Another limit corresponds to the single-electron tunneling
which occurs if the condition

eVe,c/2 − E − �m	 − ��n + 1/2� � �T�n� � eVe,c/2 − E

− �m	 − ��n − 1/2� �13�

is fulfilled. The condition �13� can be independently accom-
plished by adjusting 	, Ve,c, and VG �which alters n�. The
zero-temperature conductivity for a symmetric junction then
takes the form

��Ve,c� =
�I�Ve,c�
�Ve,c

=
2e

h
�e,c�

m

Jm
2 �
��n	Im K�E+

m�n��

+ Im K�En−
m ����T�n� − En−

m �

− Im K�En+
m ����T�n� − En+

m �
 , �14�

where �n is the probability to find n electrons inside the well,

En�
m = eVe,c − E − �m	 − ��n �

1

2
� ,

and E is the occupied level energy in the quantum well rela-
tive to the conductance band edge in the emitter in absence

of the bias voltage. Equation �14� can be overwritten in the
shorter form

��Ve,c� =
2e

h
�e,c�

m

Jm
2 �
��n · A�n,m� , �15�

where

A�n,m� = �Im K�En+
m � if �T�n� � En+

m

0 if En+
m � �T�n� � En−

m

Im K�En−
m � if �T�n� � En−

m ,
�

since one always gets En+
m �En−

m . To consistently describe the
single-electron tunneling Eqs. �1�–�3� must be completed by
an equation for �T�n�. For a symmetric junction �
e=
c� one
gets


nG� + 
n� =
4

h
�
n,m

Jm
2 �
��n� d� Im K���

��1 − f−
e,c + �f−

e,c − f+
e,c�G�� ,

where

f�
e,c = f�� + E + �m	 + ��n �

1

2
� − eVe,c/2�

+ f�� + E + �m	 + ��n �
1

2
� + eVe,c/2�

and G� is approximated by Eq. �4�, nG is the additional elec-
tron density induced by a finite gate voltage VG�0. The
condition which determines the �k ,m�th �k being the integer
single-electron tunneling index, m being the integer PAT in-
dex� vertical step in the I�Ve,c� �or a sharp peak in ��Ve,c�� is

e��Vk−1,k
m − Vt� = ��k − 1� + � + m�	 ,

where k is integer. At 
e,c=0 one gets

Vk−1,k = Vt +
��k − 1� + �

e�
.

The spacing between two adjacent steps at 
e,c=0 is

Vk,k+1 − Vk−1,k =
� + �k+1 − �k

e�
�16�

when the external ac field is finite �
e,c�0�; the steps split
additionally by ��	.

The current-voltage characteristics I�Vdc� �where Vdc
= �Ve,c−Vt��� in condition of the photon-assisted single-
electron tunneling �PASET� across the quantum well in the
Tomonaga-Luttinger liquid state are shown in Fig. 3�b�. Ac-
cording to Ref. 24, the equilibrium shape of the I�Vdc� curves
�quoted as Coulomb staircase� is extremely sensitive to the
double-barrier junction’s parameters such as barrier transpar-
encies, capacitance, symmetry, purity of the carbon tube sec-
tion, and the energy-level spacing. The photon-assisted tun-
neling induced by the external electromagnetic field
introduces additional features in those curves. We have com-
puted PASET curves for a QW with a long T section where
the single-electron tunneling takes place. The external
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FIG. 3. �a� Splitting of the zero-bias TLL dip in the differential
tunneling conductivity ��Ve,c� �in units of e2vFN�0�� in a long car-
bon nanotube CNT junction due to the photon-assisted tunneling.
Spacing between the zero dip and adjacent satellite dips is �	. �b�
The Coulomb staircase in the PASET current-voltage characteristics
I�Vdc� versus reduced voltage Vdc �see text� of the CNT junction in
the TLL state with g=0.4 under influence of the ac bias field with
the amplitude eV�1�=3.4 �in units of �=e2 /C� and for a symmetric
junction ��=0.5�. Curve A corresponds to 	=4.7, curve B to 	
=3.7, and curve C to 	=6.7.
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x̂-polarized electromagnetic field induces an ac bias voltage
across the junction as V�1� cos 	t. The most remarkable ele-
ments of the I�Vdc� curves A-C in Fig. 3�b� are local dips
which originate from an interference between the zero-
energy TLL anomaly pronounced in equilibrium at �=0 �see
Fig. 2�a�� and the photon-assisted single-electron tunneling
�PASET� processes. The Coulomb staircase curve A in Fig.
3�b� corresponds to 	=4.7, curve B to 	=3.7 and curve C
to 	=6.7 computed for g=0.4.

IV. IDENTIFYING OF THE CHARGE AND THE SPIN
BOSON ENERGY LEVELS

In a opposite limit when the T section is short, the quan-
tized energy levels are well resolved since the condition
�e,c�� is observed ��e,c are the E⇔T and T⇔C electron
tunneling rates, and �=hvF /L is the interlevel spacing inside
T�. In this section we neglect the single-electron tunneling
contribution24 �Coulomb blockade phenomena�. That is jus-
tified when the temperature T is not too low, T��e,c. In that
limit we use Eq. �11� again but with a different Im K���
which now acquires a comblike shape. Due to the spin-
charge separation in the Tomonaga-Luttinger liquid there are
two sets of quantized energy levels in a low-transparent
quantum well with a short T section. For the QW transpar-

ency T̃=0.3 �where T̃=4��nLn / ��vF�, Ln=Le+Lc, where Le
and Lc are the E and C thicknesses respectively, vF=8.1
�105 m /s� one gets �n�0.3 meV. For the tube length L
=3 �m one obtains spacing between the quantized levels as
�=1 meV. The photon-assisted processes cause an addi-
tional splitting �0.6 meV which corresponds to the ac bias
frequency 	�1 THz. Following to Refs. 12 and 21 one

defines the transmission coefficient as T̃�E�= �i�GR�L ,E��2.
We assume that coupling of the single wall tube segment T to
the external E and C electrodes is weak. In this approxima-
tion we compute the local electron density of states N���
implementing boundary conditions12 for the electron wave
function inside a short carbon tube section T. Then the quan-
tized energy levels are firmly separated from each other and
resolved. The retarded single-electron Green’s function is
GR�L , t�= aGa

R�L , t�, in which Fourier transform has a
comblike shape

Gn
R�L,�� = i� 2

�
�

a

4ga
−

sin2ga
−
��
/L�

�a
,

�
n

!n�− 1�−2ga
++n��1 − 2ga

+ + n����/�a�
��1 − 2ga

+ + n + �/�a�
, �17�

where a= ��� ,��� is the TLL boson index, i.e., �n
�+=� /g

while �n
�−����=�, !n are the coordinate-dependent coeffi-

cients inside the tube and the length parameter 
�L effec-
tively incorporates influence of the interface barriers,12 n is
the quantization index, and ga

�= �1 /ga�ga� /16. The param-
eters !n and 
 are determined by the integer charge and by
the sum of phase shifts at the interfaces. The charge �+
bosons populate the energy levels �n

�+=hvFn /Lg=n� /g
�where n is integer number�, while three other neutral �−-

and ��-boson energy levels have conventional values
�n

�−����=hvFn /L=n�. The tunneling differential conductiv-
ity ��Ve,c� of a “clean” �i.e., without impurities on T� sample
is a combination of two combs with different periods shown
in Fig. 4�a� for g=0.23. One of the combs corresponds to the
�+ boson, while another comb is related to the three remain-
ing neutral ��− ,�+ ,�−� bosons. In the steady state, when the
EF is off �i.e., 
e,c�0�, during the tunneling say, from E to T,
an electron splits into four bosons as e→�++�−+�++�−,
which assumes the energy conservation as

E + �eVe,c = �n
�+ + �n

�− + �n
�+ + �n

�− = n�3 + 1/g�� �18�

�n being the integer number�. That corresponds to a reso-
nance tunneling through the quantized TLL states tuned by
Ve,c. However, if the electromagnetic field is on �
e,c�0�,
the resonance tunneling condition changes. That happens be-
cause the ac field acts on the charge �+ bosons only, which
absorb the EF photons during the photon-assisted tunneling
processes. The photons do not excite the neutral �− and ��

bosons since they do not interact with the external electro-
magnetic field. The ac field-modified resonance condition de-
pends on both Ve,c and 	 simultaneously

E + �eVe,c = ��n
�+ + m�	� + �n

�− + �n
�+ + �n

�−

= n�3 + 1/g�� + m�	 , �19�

where n and m are integer numbers. The external electro-
magnetic field splits the conductivity peaks selectively. Be-
cause Ve,c and 	 are bound by the condition �19�, this im-
poses a constrain on the net photon-assisted tunneling
resonant current through the quantum well. Using Eq. �19�
one immediately extracts g and � from the dc PAT current-
voltage characteristics. More specifically, the value of g and
� follows right from periods of the two steady-state combs
��Ve,c� shown in Fig. 4�a�. This is illustrated by the PAT
differential tunneling conductivity ��Ve,c� for 
e,c�0 shown
in Figs. 4�b� and 4�d�. Figure 4�b� is the contour plot
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FIG. 4. �a� The steady-state tunneling differential conductivity
��Ve,c� �in units of e2vFN�0�� in the TLL state. The peak at Ve,c

=4.3 �in units of � /e� corresponds to the �+ boson. �b� The contour
plot ��Ve,c ,Ve,c

�1�� �Ve,c and the ac bias amplitude Ve,c
�1� being in units

of � /e�. �c� The Fano factor F�E� of the QW in conditions of PAT.
�d� ��Ve,c� for different 	.
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��Ve,c ,Ve,c
�1�� �Ve,c and the ac bias amplitude Ve,c

�1� being in
units of � /e�. The same quantity ��Ve,c� but for fixed 	
=0.85 and eVe,c

�1�=0.01 �solid curve�, eVe,c
�1�=1 �dashed curve�,

and eVe,c
�1�=5 �dotted curve� is presented in Fig. 4�d�. In an

experiment one obtains series of peaks in the differential
conductivity ��Ve,c�=�I /�Ve,c curves for the steady state
�
e,c�0�. When the ac field is on �
e,c�0� one also gets the
satellite PAT peaks with an additional spacing �
→���m	 as shown in Figs. 4�c� and 4�d�. Then one de-
termines the ratio r1=A1

�+ /A0
�+ where A0�1�

�+ is the �+-boson
peak height, which corresponds to the number of emitted
�absorbed� photons m=0,1. The ratio r1 allows extracting of
the actual ac field amplitude V�1� acting on the junction. The
splitting of the charged �+ boson peaks by the ac field helps
in identifying the Tomonaga-Luttinger liquid state. The
method is illustrated further in Fig. 5 where we show a single
peak in N��� corresponding to a quantized free-electron en-
ergy level �see Fig. 5�a��. For noninteracting electrons �g
=1� the same single level splits either by an ac field due to

the photon-assisted tunneling phenomena with spacing
�m�	 �m being integer� or by a dc magnetic field with the
Zeeman spacing ��BH. The situation is remarkably different
in the Luttinger liquid state when g�1 and the charge �+ and
spin �+ levels have distinct energies �n

�+��n
�+. Then one

easily identifies the charge and spin levels merely by apply-
ing the ac field and dc magnetic field to the same quantum
well. If a level splits with spacing �m�	 by the ac field only
�showing no response to the dc field� then it certainly is a �+
charge boson level �g�1�. If it splits by the dc magnetic
field12 with the Zeeman spacing ��BH showing no response
to the ac field, then it must be associated with the spin
bosons �+. However if both ac and dc magnetic fields split
the same level, then the level belongs to the noninteractive
electrons �g=1� as had been said above. In this way one
perceives the charge and spin bosons in experiments when
applying ac electromagnetic field in combination with the dc
magnetic field to a carbon tube junction. An important re-
quirement to the experimental metallic carbon tube quantum
well samples is that they must be clean. An electron-impurity
scattering in real samples leads to a formation of additional
pairs of combs with different periods. Then, an identification
of the TLL state becomes possible with a mere generalization
of the method described above.

Ratio of the noise power to the mean current �Fano factor�
is computed as F=�nTn�1−Tn� /�nTn where the summation
is performed over the conducting channels. The result is
shown in Fig. 4�c�. One can see that at the energies of quan-
tized levels the noise is much lower than the Poisson noise of
a conventional tunnel junction where F=1. Remarkably, the
multiphoton absorption is pronounced in the noise spectra as
well. In this way Fig. 4�c� suggests a method of the noise
spectroscopy for studying of the photon-assisted tunneling
into the TLL state.

V. CONCLUSIONS

Phenomena considered in this paper originate from a spe-
cific physics of the charge and spin carriers, behaving like a
blend of four noninteracting bosons. The Tomonaga-
Luttinger liquid state occurs inside the one-dimensional
quantum well formed by a metallic single wall carbon tube.
The TLL state is tested with applying of an external ac elec-
tromagnetic field and of a dc magnetic field simultaneously.
The ac field splits the charge boson energy levels due to the
photon-assisted tunneling while the dc magnetic field splits
the spin boson levels due to the Zeeman effect. That allows a
mere identification of the quantized energy levels associated
with the charge and spin bosons forming the TLL state in
relevant experiments. Besides, one also determines the quan-
tized level spacing � and the TLL parameter g. The uncon-
ventional electronic and photonic properties of the metallic
carbon tube quantum well can be utilized in various nanode-
vice applications including terahertz field sensors and nanoe-
mitters.
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APPENDIX

Here we derive analytical expressions for the time-
averaged electric current through the TLL quantum well in
conditions of the photon-assisted single-electron tunneling.
The external electromagnetic field is applied to the tube junc-
tion as shown in Fig. 1. Our model describes a low transpar-
ency junction which average conductance is small, G�RQ

−1

where RQ=�� /2e2�6.5 k	. Since coupling to the elec-
trodes is weak, the emitter-tube �E⇔T� and the tube-
collector �T⇔C� tunneling processes are assumed as being
not phase correlated. The SET dynamics in that approxima-
tion is well described by a simple master equation.24 The
external electromagnetic field with frequency 	 induces an
ac bias voltage V�1� cos 	t with amplitude V�1� across the
junction. The ac voltage modulates phases of the tunneling
electrons as "e,c�t�= �eVe,c

�1� /���tcos 	t�dt� where Ve
�1�=�V�1�,

Vc
�1�= �1−��V�1� are corresponding fractions of the ac voltage

drop on the emitter and collector, � is the fraction of the net
ac bias voltage V�1�, so �V�1� drops between the emitter and
CNT. The time-averaged single-electron tunneling electric
current through the double barrier junction is expressed via
partial tunneling rates w+

e,c and w−
e,c from emitter �collector�

to the energy levels inside the well,24

w+
e,c�n,m� = Jm

2 �
e,c�� d���
e,c��e�c�

m+ �f��e�c�
m+ �Gm

− ��,	� ,

w−
e,c�n,m� = − Jm

2 �
e,c�� d���
e,c��e�c�

m− ��1 − f��e�c�
m− ��Gm

+ ��k,	� ,

wnm
� = w�

e �n,m� + w�
c �n,m� , �A1�

where the integration is performed over the electron energy �
in the well, E is the energy of the occupied level in the well
relative to the conductance band edge in the emitter at the
zeroth dc bias voltage Ve�c�=0, m is the number of emitted
�absorbed� photons, and the electron energy arguments are

�e�c�
m+ = � + E + �m	 + �Un

e,c,

�e�c�
m− = � + E + �m	 + �Un−1

e,c .

The Bessel function Jm�
e,c� of order m in Eq. �A1� depends
on the ac bias parameter 
e,c=eVe,c

�1� /�	. Corresponding
changes �Un

e,c of the emitter and collector electrostatic ener-
gies depend on the number n of electrons in the well as

�Un
e = ��n +

1

2
� − �eVe,c,

�Un
c = ��n +

1

2
� + �1 − ��eVe,c,

where �=e2 /C, C=Ce+Cc is the net capacitance, and Ce�c� is
the emitter �collector� capacitance. In Eq. �A1�, the electron

Keldysh Green’s function20 G� in the well is defined in the
	r , t
 presentation as

G��r,r�,t,t�� = � i
#�r,t��#†�r�,t�$�� , �A2�

where r, r� are electron coordinates and t�, t$� are the time
moments assigned to points lying either on the positive �+�
or on the negative �−� branch of the contour c circled around
the time axis −�� t��; 
¯� means averaging20 with full

Hamiltonian Ĥ which includes all the interactions in the sys-
tem. Following Ref. 19 one may introduce the auxiliary
right-moving ��=1� free fermion Green’s Keldysh function
as

G10
� =

i�T/vF

sinh��T�x − vFt�/vF�
� i���x − vFt� , �A3�

and for the left-moving ��=2� free fermion G20
� = �G10

� 	vF
→−vF
��. The Fourier transforms of Eq. �A3� at x=0 are

G10
+ ��� = iN����1 − G0���� ,

G10
− ��� = − iN���G0��� , �A4�

where N��� is the single-electron density of states inside the
well, and G0���= �1−tanh�� /2T�� /2= �exp�� /T�+1�−1 is the
equilibrium electron distribution function in the well. The
electron tunneling rate �k

e,c is modified by the external ac
bias as

�e,c�t� → �e,c�t�ei
e,c cos 	t =� d���e,c����ei��t/�ei
e,c cos 	t.

The backward Fourier transform gives

�e,c��� =� dt� d���e,c����ei
 cos 	te−i�t/�+i��t/�

= �
m

Jm
2 �
e,c�� d��� dt�e,c����eim	t−i�t/�+i��t/�

= �
m

Jm
2 �
e,c�� d���e,c������m�	 − � + ��� ,

�A5�

which indicates that photons of the external ac field shift
energies of tunneling electrons by m�	. Then

w+�m� − w−�m� =� d�Jm
2 �
e,c��e,c��k,e�c�

m ��f��e�c�
m �Gm

− ��,	�

+ 	1 − f��e�c�
m �
Gm

+ ��,	�� .

If the energy dependence of �e,c��k,e�c�
m � is negligible, one

gets
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w+
e,c�n,m� − w−

e,c�n,m� = �e,cJm
2 �
e,c�� d�	f+

e�c�G− + �1 − f−
e�c��G+


= �e,cJm
2 �
e,c�� d�	f+

e�c��K + i Re K� + �1 − f−
e�c���K − i Re K�


= �e,cJm
2 �
e,c�� d�	K�1 + f+

e�c� − f−
e�c�� + i Re K�f+

e�c� + f−
e�c� − 1�
 ,

where we used the short notations f��e�c�
m��→ f�

e�c� and G�=K$ i Re K. Here K= �G−+G+� /2 is the full electron correlator from
which the retarded Green’s function is obtained as GR�x , t�=−2i��t�Re K�x , t�. The time-averaged partial electric current Ie

between the emitter and the quantum well takes the form

Ie = e�
n

�n�w+
e�n,m� − w−

e�n,m�� = e�e� d��
nm

Jm
2 �
e,c��n	K��� + K����f+

e�c� − f−
e�c�� + Im K����1 − f+

e�c� − f−
e�c��


= e�e�
n

�nn + e�e� d��
nm

Jm
2 �
e,c��nK����f+

e�c� − f−
e�c�� + e�e� d��

nm

Jm
2 �
e,c��n Im K����1 − f+

e�c� − f−
e�c�� ,

where the number of extra electrons in the well is n
=�kK��� / �2�i�. The electron tunneling between the quan-
tum well and the electrodes causes a time evolution of the
probability �n to find n electrons inside the well. The time
dependence of �n�t� satisfies the master equation24

�̇n = wn+1
− �n+1 + wn−1

+ �n−1 − �wn
+ + wn

−��n. �A6�

The collector part of the electric current inside the well fol-
lows from the equilibrium condition

0 � Ie − Ic =
2

h
· e�e� d��

n

�n�K���Jm
2 �
e��f+

e − f−
e�

− Im K���Jm
2 �
e��1 − f+

e − f−
e��

− e�c� d��
n

�n�Im K���Jm
2 �
c��1 − f+

c − f−
c�

− K���Jm
2 �
c��f+

c − f−
c�� − e��e + �c��

n

�nn .

The above equation gives

e��e + �c��
n

�nn =
2

h
� d��

n

�n�K����e�eJm
2 �
e��f+

e − f−
e�

+ e�cJm
2 �
c��f+

c − f−
c��

− Im K����e�eJm
2 �
e��1 − f+

e − f−
e�

+ e�cJm
2 �
c��1 − f+

c − f−
c��� .

The average number of electrons in the well is


n� = �
n

�nn + nG,

where n=�kK��� / �2�i�, K= �G−+G+� /2 is the full electron
correlator, and G� is the electron Keldysh Green’s function
�A4�. The second term nG is controlled by the gate voltage

VG�0 applied to the quantum well as shown in Fig. 1. Then
one gets the following expression for the average number of
electrons in the well:


n� =
2

h

1

�e + �c� d��
nm

�n�K�����eJm
2 �
e��f+

e − f−
e�

+ �cJm
2 �
c��f+

c − f−
c�� + Im K�����eJm

2 �
e��1 − f+
e − f−

e�

+ �cJm
2 �
c��1 − f+

c − f−
c��� + nG. �A7�

Equation �A7� actually determines the chemical potential
�T�n� of electrons in the well. In absence of the SET one gets
f��+

e�= f��−
e� and the first term under �d� in Eq. �A7� van-

ishes. Then one simply gets

Ie + Ic

2
=

e�e

h
� d��

n

�n�K���Jm
2 �
e��f+

e − f−
e�

− Im K���Jm
2 �
e��1 − f+

e − f−
e��

+ e�c� d��
n

�n�Im K���Jm
2 �
c��1 − f+

c − f−
c�

− K���Jm
2 �
c��f+

c − f−
c�� − e��e − �c��

n

�nn .

If one also sets nG=0 �i.e., when no gate voltage is applied
VG�0� then

Ie + Ic

2
=

e�e

h
� d��

k,n
�n�K���Jm

2 �
e��f+
e − f−

e�

− Im K���Jm
2 �
e��1 − f+

e − f−
e��

+ e�c�
k,n

�n�Im K���Jm
2 �
c��1 − f+

c − f−
c�

− K���Jm
2 �
c��f+

c − f−
c�� −

2e

h

�e − �c

�e + �c� d��
nm

�n	K���
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��eJm
2 �
e��f+

e − f−
e� + �cJm

2 �
c��f+
c − f−

c��

− Im K����e�eJm
2 �
e��1 − f+

e − f−
e�

+ e�cJm
2 �
c��1 − f+

c − f−
c��
 .

Using that

�n = �e�c��1 $
�e − �c

�e + �c� =
2�e�c

�e + �c

the dc photon-assisted single-electron tunneling electric cur-
rent across the quantum well reads

I =
Ie + Ic

2
= �n

2e

h
� d��

nm

�n	K����Jm
2 �
e��f+

e − f−
e� − Jm

2 �
c�

��f+
c − f−

c�� + Im K����Jm
2 �
e��f+

e + f−
e� − Jm

2 �
c��f+
c + f−

c��
 .

�A8�

In equilibrium one makes use of the Fourier transform

K0�k� =
i

2
tanh��vF�k�

2
� =

i

2
�1 − 2G0��vF�k��� ,

where G0���=1 / �exp�� /T�+1� and k is the fermion momen-
tum. The noninteractive equilibrium right-moving fermion
correlator K0�0, t� is

K0�x,t� =
i

x − vFt + i�

��x − vFt�/�vF

sinh���x − vFt�/�vF�
,

where �→ +0. The electron distribution function G� is intro-
duced by the ansatz �see, e.g., Ref. 25�

K��� = Im K����1 − 2G�� . �A9�

This gives the expression for the net time-averaged electric
current across the double-barrier junction as follows:

I = �n
2e

h
� d��

nm

�n Im K���	Jm
2 �
e��f+

e + G��f−
e − f+

e��

− Jm
2 �
c��f+

c + �f−
c − f+

c�G��
 . �A10�

From Eq. �A10� in the limits 
e,c=0 one easily recovers the
expressions for tunneling current used in the main text.
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